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In a recent paper by Berg et al. [Berg, M., Hagedorn, P., Gutschmidt, S., 2004. On the dynamics of piezoelectric cylin-
drical shell, Journal of Sound and Vibration 274, 91–109], equations for the piezo-ceramic cylindrical shell are derived.
These equations diﬀer from known equations because the electric ﬁeld is not assumed to be constant over the thickness,
but is obtained by solving the Maxwell’s equation. The considered shell model is the so-called Flugge’s shell theory where
the transverse shear deformations is not considered, and the Maxwell’s equation is reduced in form. In this paper the anal-
ysis of wave propagation in Reissner–Mindlin piezoelectric coupled cylinder is studied. The shear strain is modelled and
the Maxwell’s equation is fully considered.
 2007 Elsevier Ltd. All rights reserved.
Keywords: Propagation waves; Shells; Piezoelectric coupled cylindrical shell; Reissner–Mindlin1. Introduction
Wave propagation in shell structures has received considerable attention by many researcher because of its
great potential in mechanical, aerospace, aeronautical and civil engineering. Cylindrical shells have been used
in suction and discharge manifolds in multi-cylinder compressor as well as muﬄer equipments, for example
the structural vibrations inﬂuence the performance of machines (oscillations in the ideal mass ﬂow rates,
etc.) (Lai and Soedel, 1996a,b,c; Gautier and Tahani, 1996). Various shell theories have been developed
depending on diﬀerent kinematic hypotheses. An extensive comparison of the various shell theories is made
in Leissa (1973). The majority of these studies, in analogy with the theory of the plate, refer to Kirchhoﬀ–Love
or Reissner–Mindlin model the second, diﬀerently from the ﬁrst, takes into account the shear deformability
and its eﬀect is relevant, as the thickness span or the wave number increases. Naghdi and Cooper (1956)
develop two systems of equations of motion indicated with I and II and study the axisymmetric elastic waves
in cylindrical shells. The reasons of the two systems is that when the eﬀects of transverse shear deformation0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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more simpler Donnell’s equation. The authors evidence that the eﬀects of transverse shear deformation and
rotary inertia are relevant only in the ﬁrst mode of motion for short waves. The following study of Herrmann
and Mirsky (1956) investigate the inﬂuence of membrane, bending, rotatory, inertia and shear deformations
on the axial phase velocity of the lowest mode for the axially symmetric motions of cylinders. Results showed
that for wave lengths larger than a certain transition length, the membrane theory gives good results. For wave
lengths smaller than this transition length, the shell behaves essentially like a plate and, for a good results, the
transverse-shear deformation and rotator-inertia eﬀects must be considered. Mirsky and Herrmann (1957)
successively study also the non-axially symmetric motions of cylindrical shells. They illustrated the ﬁve wave
phase velocity versus the wavelength, but in particular they evidenced a peculiar behavior of the lowest mode
for long wavelengths. In fact for n = 1, 2 this mode has two minima, in contrast to only one in the axially
symmetric case n = 0. Moreover for n = 2 also the second root has a second minima. In this work there is
not a study on the inﬂuence of transverse-shear deformation and rotator-inertia on the roots. Also Cooper
and Naghdi in a following paper (Cooper and Naghdi, 1957) study the propagation of non-axially symmetric
waves in elastic cylindrical shells again in reference to the systems I and II. It is seen that the phase velocity
predicted by the two systems are in excellent agreement in all modes of motion for all values of the number of
circumferential waves n, in the complete range of d = h/l (where h is the thickness of the shell and l is the wave-
length) except in the ﬁrst mode for n = 1 and in vicinity of d = 0. In all the previous works the assumption that
the average normal stress through the thickness is negligible has been made. The eﬀect of the transverse nor-
mal stress is retained in the paper of Mirsky and Herrmann (1958). They developed an approximate theory of
shells and studied the axially symmetric motions of cylindrical shell. In particular they compared the calcula-
tion of the phase velocity of the lowest mode of motion with those obtained by the three-dimensional theory,
and found that the approximate theory predicts practically the same velocity as the three-dimensional. In the
extreme case of a solid cylinder, the discrepancy still does not exceed the 15–20%. Gazis (1959a,b) studied the
propagation of free harmonic waves along a hollow circular cylinder of inﬁnite extent by use of the Helmholtz
potentials. He showed that the Mirsky–Herrman theory provides a good description of the lowest second and
third modes but its results for the fourth and ﬁfth modes are good only for wavelengths long in comparison
with the wall thickness of the cylinder. The wave propagation in transversely isotropic circular cylinders was
studied by Mirsky (1965a,b) and he revealed that for steel and beryllium the approximate Mirsky–Herrman
theory provides a very good description of the lowest four mode for n = 0,1 in the range 0 < d < 0.5 even for
relatively thick shells, but there are marked deviations for the shorter wavelengths (d > 0.5) and higher thick-
ness mode. Recently also the studies of shells with a piezoelectric coat are beginning to appear (Wang, 2001,
2002; Wang and Liew, 2003; Dong and Wang, 2006a,b, 2007). These could be very interesting with reference
to the problems mentioned above, indeed this type of material is very eﬃcient for active control of noise and
vibration. Also in this works diﬀerent models of shells have been considered but in this case, besides the kine-
matic hypotheses, one additional must be made on electric potential. Generally the electric potential is
assumed constant over the piezoelectric thickness, to the author’s knowledge, only (Berg et al., 2004) considers
it variable. The authors evidence that in thick piezoelectric cylindrical shell this eﬀect is not negligible, and
propose new equations of motions for Flugge’s shell theory where, however, the shear deformability is not
considered. In this paper the method is applied to a Reissner–Mindlin piezoelectric coupled cylinder and
the results are compared with (Wang and Liew, 2003), where the eﬀects of transverse shear and rotatory inertia
are considered but no electric potential variability along the piezoelectric thickness. Electrically shorted and
charge free boundary conditions are considered, the wave dispersion curve, for diﬀerent ratio h1/h of the pie-
zoelectric and host shell are reported and the inﬂuence of this variability discussed.2. Reissner–Mindlin shell equations for piezoelectric coupled cylinder
It is well known that the displacement ﬁeld for a shell-like structure that taken into account the out-of-plane
shear strain is (Wang and Liew, 2003; Mindlin, 1951; Graﬀ, 1991; Soedel, 1993):u<> ¼ v0<> pð Þ þ 1v1<>ðpÞ þ wðpÞnðpÞ with v0<>  n ¼ v1<>  n ¼ 0 ð1Þ
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symbols (see Appendix A) the strain-displacement relations in orthogonal curvilinear coordinates are:1 ThE<i;j> ¼ 1jgij gj
  12 u<i>jgijð Þ;j þ u<j>jgjj ;ih i gmj ju<m>Cmij
 
ð2Þmoreover indicating with Ejj<>;E
?
<>, respectively, the in-plane and out-of-plain strain tensor, they can be writ-
ten in the form:Ejj<> ¼
E<11> E<12> 0
E<12> E<22> 0
0 0 0
264
375 E?<> ¼ 0 0 E<13>0 0 E<23>
E<13> E<23> 0
264
375 ð3ÞThe constitutive relation for the elastic host shell transversely isotropic, regarding the direction n is (Wang and
Liew, 2003; Podio-Guidugli, 2000; Nicotra, 1998; Podio-Guidugli and Tomassetti, 2002):S<> ¼ 2lEjj<> þ ktrðEjj<>ÞGþ 2gE?<> ð4Þ
and k, l are related to the Young modulus and Poisson coeﬃcient by:k ¼ mE
1 m2 l ¼
E
2ð1þ mÞ ð5Þwhile g is the shear modulus:g ¼ k E
2ð1þ mÞ ð6Þwith k = 0.8333.
The linear constitutive equations of a piezoelectric material are (Rogacheva, 1994)1:SP ¼ CEP  ETbe
D ¼ EEP þDbe
(
ð7Þwhere D is the vector of electric displacements, be is the electric ﬁeld vector and C, E, D are the tensors of the
material constant. If it is assumed that x1 is the poling direction of the piezoelectric material the (7.1), (7.2) in
(x1,x2,x3) reference system become:rp<11>
rp<22>
sp<23>
sp<13>
sp<12>
8>>>><>>>:
9>>>>=>>>;
¼
cp33 c
p
13 0 0 0
cp13 c
p
11 0 0 0
0 0 2cp44k 0 0
0 0 0 2cp44k 0
0 0 0 0 2cp44
26666664
37777775
Ep<11>
Ep<22>
Ep<23>
Ep<13>
Ep<12>
8>>>><>>>:
9>>>>=>>>;

ep33 0 0
ep31 0 0
0 0 0
0 0 ep15
0 ep15 0
26666664
37777775
be<1>be<2>be<3>
8><>:
9>=>;and:D<1> ¼ ep33E<11> þ ep31E<22> þ dp33be<1>
D<2> ¼ 2ep15E<12> þ dp11be<2>
D<3> ¼ 2ep15E<13> þ dp11be<3>
8><>: ð8Þ
with:cp33 ¼ c33 
c213
c11
; cp13 ¼ c13 
c13c12
c11
; cp11 ¼ c11 
c212
c11
; ep33 ¼ e33 
c13e31
c11
; ep31 ¼ e31 
c12e31
c11
; dp33 ¼ d33 þ
e231
c11e quantities with the superscript P are referred to the piezoelectric layer.
Fig. 1. Reference conﬁguration.
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and L the Weingarten tensor (see Appendix A), the equilibrium equations of the shell can be written in the
form:divðFÞ þ Pq0 ¼ 0
divðFTnÞ þ F : Lþ q30 ¼ 0
divðMÞ  s3 þ r0 ¼ 0
8><>: ð10Þ
with:sb ¼
Rþh2
h2
aSgb d1þ Rþh2þh1þh2 aSpgb d1
s3 ¼
Rþh2
h2
aSnd1þ Rþh2þh1þh2 aSpnd1
mb ¼
Rþh2
h2
a1Sgb d1þ Rþh2þh1þh2 a1Spgb d1 b ¼ 1; 2
F ¼ sb  eb
M ¼ mb  eb
8>>>>><>>>>>:
ð11Þa is the scalar quantity that relates volume element around the point Q dV(Q) (Fig. 1) with its projection in the
middle surface dV(P):P ¼ Qþ x3n
dV ðP Þ ¼ aðx3;QÞdV ðQÞ
ð12ÞIndicated with b0; b
p
0 the inertial forces, s0; s
p
0; the applied traction, the vectors q0,r0 are
2:q0 ¼
Rþh2
h2
ab0 d1þ
Rþh2þh1
þh2
abp0 d1þ ðaþsþ0 þ as0 Þ
r0 ¼
Rþh2
h2
a1Pb0 d1þ
Rþh2þh1
þh2
a1Pbp0 d1þ ðh2þ h12 ÞPðaþsþ0  as0 Þ
8><>: ð13Þ
To the (10) the Maxwell equations must be added:divðDÞ ¼ 0
rotðbeÞ ¼ 0

ð14Þe superscript + and  indicate the quantities calculated, respectively, in ðh2Þ þ h1 and in ðh2 Þ.
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2.1. Cylinder
For the cylindrical shell, putting x1 = x,x2 = h,x3 = z (Fig. A.1) the (10) begin (Appendix A):F <11>;1 þ 1R F <12>;2 þ q0<1> ¼ 0
F <21>;1 þ 1R F <22>;2 þ 1R F <32> þ q0<2> ¼ 0
F <31>;1 þ 1R F <32>;2  1R F <22> þ q0<3> ¼ 0
M<11>;1 þ 1RM<12>;2  F <31> þ r0<1> ¼ 0
M<21>;1 þ 1RM<22>;2  F <32> þ r0<2> ¼ 0
8>>>><>>>:
ð16Þwhere R is the radius of the cylinder. The components F<ij> andM<ij> can be calculated by the substitution of
the (2)–(8) in (11), the expressions are given in Appendix B. The Maxwell equation (14.1) in cylindrical coor-
dinates assumes the form:D<1>;1 þ 1Rþ x3 ðD<2>;2 þ D<3>Þ þ D<3>;3 ¼ 0 ð17Þand, by use of the (8, 15):ep33E<11>;1 þ ep31E<22>;1  dp33u;11 þ
1
Rþ x3 2e
p
15E<12>;2 
dp11
R
u;22 þ 2e15E<13>  dp11u;3
 
þ 2ep15E<13>;3  dp11u;33 ¼ 0 ð18ÞThe diﬀerences between this expression and that of Berg et al. (2004) are due to two reasons. First Berg et al.
use the Flugge’s shell theory where the eﬀects of shear and rotatory inertia are not include. Second the poling
direction of piezoelectric material is the axis x1 in this work and the radial x3 in that work.
2.2. Solution of the Maxwell’s equation
In analogy with Berg et al. (2004) the (18) will be resolved by separation of variables of the potential func-
tion u:uðx1; x2; x3; tÞ ¼ wðx1; x2; tÞf ðx3Þ ð19Þ
the (18) becomes:‘
dp11f;33
dp11
Rþ x3 f;3þ
1
w
dp11w;22
RðRþ x3Þþd
p
33w;11
 
fþ 1
w
ðep33E<11>;1þ ep31E<22>;1þ
2ep15
Rþ x3 ðE<12>;2þE<13>Þ¼ 0
ð20Þ
and in simpliﬁed form3:af;33 þ bf;3 þ cfþ dx3 þ e ¼ 0 ð21Þ
The coeﬃcients a, b, c, d, e are independent from the variable x3, that the solution of (21) can be written:f ðx3Þ ¼ bd ce cdx3c2 þ e
bx3
2a C1 cosh
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
p
Þx3
2a
 !
þ C2 sinh ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
p
Þx3
2a
 ! !
ð22ÞThe constants C1,C2 must be chosen to satisfy the boundary conditions, if the electrodes are short-circuited
(closed circuit) the electrical conditions are:glecting x3/R in comparison with unity, because of all the thicknesses considered in this study are lower than
R
60 :
4 Th
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2
Þ ¼ 0
f ðh
2
þ h1Þ ¼ 0
(
ð24Þwhile for charge free (open circuit):D<3>ðx1; x2; x3; tÞjx3¼h2;h2þh1 ¼ 0 ð25Þtherefore the system (24) begins:wðx1; x2; tÞf;3ðh2Þ ¼
2ep
15
E<13>
dp
11
wðx1; x2; tÞf;3ðh2þ h1Þ ¼
2ep
15
E<13>
dp
11
8><>: ð26Þ2.3. Wave propagation
For studying the wave propagation the following form of displacement ﬁeld has been considered:v0<1>ðx1; x2; tÞ ¼ U 1ein x1ctð Þ cosðnx2Þ
v0<2>ðx1; x2; tÞ ¼ U 2einðx1ctÞ sinðnx2Þ
wðx1; x2; tÞ ¼ W einðx1ctÞ cosðnx2Þ
v1<1>ðx1; x2; tÞ ¼ H1einðx1ctÞ cosðnx2Þ
v1<2>ðx1; x2; tÞ ¼ H2einðx1ctÞ sinðnx2Þ
wðx1; x2; tÞ ¼ einðx1ctÞ cosðnx2Þ
ð27ÞIndicating with:Z h
2þh1
h
2
f ðx3; nÞdx3 ¼ af1½n; nU 1 þ af2½n; nU 2 þ af3½n; nWþ af4½n; nH1 þ af5½n; nH2Z h
2þh1
h
2
ðRþ x3Þf ðx3; nÞdx3 ¼ bf1½n; nU 1 þ bf2½n; nU 2 þ bf3½n; nWþ bf4½n; nH1 þ bf5½n; nH2Z h
2þh1
h
2
x3ðRþ x3Þf ðx3; nÞdx3 ¼ cf1½n; nU 1 þ cf2½n; nU 2 þ cf3½n; nWþ cf4½n; nH1 þ cf5½n; nH2 ð28ÞZ h
2þh1
h
2
x3f ðx3; nÞdx3 ¼ df1½n; nU 1 þ df2½n; nU 2 þ df3½n; nWþ df4½n; nH1 þ df5½n; nH2Z h
2þh1
h
2
x23f ðx3; nÞdx3 ¼ ef1½n; nU 1 þ ef2½n; nU 2 þ ef3½n; nWþ ef4½n; nH1 þ ef5½n; nH2Z h
2þh1
h
2
ðRþ x3Þ of ðx3; nÞox3 dx3 ¼ ff1½n; nU 1 þ ff2½n; nU 2 þ ff3½n; nWþ ff4½n; nH1 þ ff5½n; nH2substituting the above into (B.2)–(B.4) subsequently in (16), and setting to zero the applied traction, the fol-
lowing system is obtained4:e expression of the coeﬃcients aij are in Appendix B.
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a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55
26666664
37777775
U 1
U 2
W
H1
H2
8>>>><>>>:
9>>>>=>>>;
¼ f0g ð29ÞTo avoid null solution must be:det
a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55
26666664
37777775 ¼ 0 ð30ÞThis is a ﬁfth-order polynomial in c2 and the coeﬃcients are function of the wave number n, and of the number
of circumferential waves n, so that for every choice of n and n there are ﬁve possible wave phase velocity. The
results are reported in the next session. The axy-symmetric motion is studied by setting: oox2 ¼ 0 in (B.4) and in
the equilibrium equations (16). The torsional motion is obtained by (16)2,(16)5, it must be observed that in
these two equations do not compare the potential function u and so this implies that the wave phase velocity
c is independent from the boundary conditions. The associated characteristic equation is derived from the sec-
ond and ﬁfth row and column of (30) setting n = 0 in aij:det
a22ðn ¼ 0Þ a25ðn ¼ 0Þ
a52ðn ¼ 0Þ a55ðn ¼ 0Þ

 
¼ 0 ð31Þand the determinant (31) assumes the form:b1n
4c4 þ b2n4c2 þ b3n2c2 þ b4n4 þ b5n2 ¼ 0 ð32Þwhere bi are the following constants:b1 ¼ L
2
2 þ L1L3
R2
b2 ¼ L3Q1 þ L1T 1  L2ðQ2 þ T 4Þ
R2
b3 ¼ H 1ðL3 þ Rð2L2 þ L1RÞÞ
R4
b4 ¼ Q1T 1  Q2T 4
R2
b5 ¼ H 1ðT 1 þ RðQ2 þ Q1Rþ T 4ÞÞ
R4
ð33Þwhen n! 0 the wave phase velocity results:c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
b5
b3
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 T 1 þ RðQ2 þ RQ1 þ T 4Þ
L3 þ Rð2L2 þ RL1Þ
s
ð34Þalso for n!1:c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃb4
b2
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q1T 1 þ Q2T 4
L3Q1 þ L1T 1  L2ðQ2 þ T 4Þ
s
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In the following simulations, to compare the results, the materials are those chosen by Wang and Liew
(2003) and reported in Table 1. In this paper the Reissner–Mindlin piezoelectric coupled cylinder is consid-
ered, where shear eﬀect is taken into account, but, diﬀerently from Wang and Liew (2003), also the eﬀect
of the electric potential variability along the piezoelectric thickness is studied. Electrically shorted and charge
free boundary conditions are considered and their inﬂuence on the wave dispersion curve is studied.
The wave dispersion curves versus the non-dimensional wave number n are reported in Figs. 2–6
with n = 0, hR ¼ 130 and h1h variable from 0.1 to 0.5. The ﬁgures show the solution of Wang and LiewFig. 2. Dispersion curve for ﬁrst mode with n = 0, hR ¼ 130. Red, Wang and Liew (2003) solution; blue, charge free solution; green,
electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Table 1
Material properties
Aluminum PZT-4
Mass density (kg/m3) q = 2.8 · 103 qPZT = 7.5 · 103
Young modulus (N/m2) E = 70 · 109 c11 = 132 · 109, c33 = 115 · 109
Poisson ratio 0.33 c12 = 71 · 109, c13 = 73 · 109
c44 = 26 · 109
e31 (k/m
2) 4.1
e33 (k/m
2) 14.1
e15 (k/m
2) 10.5
d11 (//m) 5.841 · 109
d33 (//m) 7.124 · 109
Fig. 3. Dispersion curve for second mode with n = 0, hR ¼ 130. Red, Wang and Liew (2003) solution; blue, charge free solution; green,
electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Fig. 4. Dispersion curve for third mode with n = 0, hR ¼ 130. Red, Wang and Liew (2003) solution; blue, charge free solution; green,
electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Fig. 5. Dispersion curve for fourth mode with n = 0, hR ¼ 130 : Red, Wang and Liew (2003) solution, blue = charge free solution; green,
electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
F. Botta, G. Cerri / International Journal of Solids and Structures 44 (2007) 6201–6219 6209(2003)5 and those of this paper, both the cases: electrically shorted and charge free, while the ﬁgures
from 7–9 evidence the relative percentage diﬀerences. As expected there is an increase of these diﬀerences
when the ratio h1/h grows. In particular it is possible to observe that, for the ﬁrst mode, there is not an appre-
ciable diﬀerence between the Wang and Liew (2003) solution and the electrically shorted or charge free (Fig. 2),
for third mode (Fig. 4) the three solutions are diﬀerent and there is the trend to increase the diﬀerences when h1/
h grows. For high values of the ratio h1/h both augment the velocity and this increment is higher for charge free
solution, where it can reach about the 30%, while the maximum for electrically shorted solution is 22%. The
trend is similar to that observed in Wang and Liew (2003), there is a fast decrease near the axis n ¼ 0 and then5 Reprinted from International Journal of Solids and Structures, 40, Wang, Q., Liew K.M., Analysis of wave propagation in
piezoelectric coupled cylinder aﬀect by transverse shear and rotary inertia, 6653–6667, Copyright (2003), with permission from Elsevier.
Fig. 6. Dispersion curve for ﬁfth mode with n = 0, hR ¼ 130. Red =Wang and Liew (2003) solution; blue, charge free solution; green,
electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
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the boundary conditions do not aﬀect the two torsional modes (second and fourth) but there is a perceptible
diﬀerence respect to the solution of Wang and Liew (2003) (Figs. 3 and 5). This diﬀerence is due to the fact that
in this paper it is not neglect the contribute of x3/R, with respect to 1, to calculate the coeﬃcients that relate
forces and moments to displacements (Appendix B). Their eﬀects in some cases can be greater than 25% as
can be seen in Fig. 9a for the fourth wave mode in n ¼ 0.Moreover the behavior of the two solutions is diﬀerent.
In fact both the percentage diﬀerences have a maximum value that increases when h1/h grows, but the maximum
of the fourth mode goes toward the axis n ¼ 0 while the maximum of the second mode goes toward the axis
n ¼ 1. For ﬁfth mode the percentage diﬀerence assumes diﬀerent values in n ¼ 0, for the boundary conditions
considered (Figs. 7–9), it is higher for charge free solution. For low values of n both augment the wave phase
velocity with respect to the Wang–Liew solution, and the more it is the more the value of the ratio h1/h is, but,Fig. 7. Percentage diﬀerence between electrically shorted, or charge free, solution and that of Wang and Liew (2003), with n = 0,
h1
h ¼ 0:1; hR ¼ 130. Black, ﬁrst wave mode; green, second wave mode; yellow, third wave mode; red, fourth wave mode; blue, ﬁfth wave mode.
(For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
Fig. 8. Percentage diﬀerence between electrically shorted, or charge free, solution and that of Wang and Liew (2003), with n = 0, h1h ¼ 0:3,
h
R ¼ 130. Black, ﬁrst wave mode; green, second wave mode; yellow, third wave mode; red, fourth wave mode; blue, ﬁfth wave mode. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
Fig. 9. Percentage diﬀerence between electrically shorted, or charge free, solution and that of Wang and Liew (2003), with n = 0,
h1
h ¼ 0:5; hR ¼ 130. Black, ﬁrst wave mode; green, second wave mode; yellow, third wave mode; red, fourth wave mode, blue = ﬁfth wave
mode. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
F. Botta, G. Cerri / International Journal of Solids and Structures 44 (2007) 6201–6219 6211when n rises, this diﬀerence vanishes and then there are lower values of the wave phase velocity near n ¼ 1. The
ﬁgures from 10–14 show the inﬂuence of the ratio h1/h on the diﬀerent modes. As also seen in Wang and Liew
(2003) it can be noticed that, in the case of the considered solutions there is not a relevant eﬀect of the ratio h1/h
on the wave phase velocity of the ﬁrst mode (Fig. 10). The behavior is the same for all considered functions; only
for highest values of n there is an appreciable diﬀerence between solutions: wave phase velocity increase whileFig. 10. Dispersion curve for ﬁrst mode with n = 0, hR ¼ 130 and diﬀerent ratio h1h . (Red) h1/h = 0.1, (green) h1/h = 0.2, (blue) h1/h = 0.3,
(yellow) h1/h = 0.4, (black) h1/h = 0.5. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Fig. 11. Dispersion curve for second mode with n = 0, hR ¼ 130 and diﬀerent ratio h1h . (Red) h1/h = 0.1, (green) h1/h = 0.2, (blue) h1/h = 0.3,
(yellow) h1/h = 0.4, (black) h1/h = 0.5. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Fig. 12. Dispersion curve for third mode with n = 0, hR ¼ 130 and diﬀerent ratio h1h . (Red) h1/h = 0.1, (green) h1/h = 0.2, (blue) h1/h = 0.3,
(yellow) h1/h = 0.4, (black) h1/h = 0.5. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Fig. 13. Dispersion curve for fourth mode with n = 0, hR ¼ 130 and diﬀerent ratio h1h . (Red) h1/h = 0.1, (green) h1/h = 0.2, (blue) h1/h = 0.3,
(yellow) h1/h = 0.4, (black) h1/h = 0.5. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
6212 F. Botta, G. Cerri / International Journal of Solids and Structures 44 (2007) 6201–6219h1/h decrease. The inﬂuence of h1/h on the second mode is visible (Fig. 11): the wave phase velocity increases
when h1/h decreases, and this trend is more evident for low values of h1/h. This eﬀect is also ﬁndable in Wang
and Liew (2003) solution, but in the present solution this trend is less marked. The inﬂuence of the ratio h1/h on
third mode (Fig. 12) is similar to that shown in the Fig. 11 and there is a decrease of the wave phase velocity for
all considered case, when n increase. The dispersion curves for fourth and ﬁfth mode are plotted in (Figs. 13 and
14). It is clearly shown that the solutions are similar. In Fig. 13b there is also a detail of the solution for fourth
Fig. 14. Dispersion curve for ﬁfth mode with n = 0, hR ¼ 130 and diﬀerent ratio h1h . (Red) h1/h = 0.1, (green) h1/h = 0.2, (blue) h1/h = 0.3,
(yellow) h1/h = 0.4, (black) h1/h = 0.5. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
F. Botta, G. Cerri / International Journal of Solids and Structures 44 (2007) 6201–6219 6213mode and n greater than 0.2, it can be noticed that, when n grows, the diﬀerence between the various solutions
gradually decrease with the tendency to reach a same value. The dispersion curves for n = 1, h1/h = 0.3 are
shown in Figs. 15–18, and can be observed that there is a similar trend to that obtained with n = 0.Fig. 15. Dispersion curve for ﬁrst and second mode with n = 1, h1h ¼ 0:3 and hR ¼ 130. Red, Wang and Liew (2003) solution; blue, charge free
solution; green, electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this paper.)
Fig. 16. Dispersion curve for third and fourth mode with n = 1, h1h ¼ 0:3 and hR ¼ 130. Red, Wang and Liew (2003) solution; blue, charge free
solution; green, electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this paper.)
Fig. 17. Dispersion curve for ﬁfth mode with n = 1, h1h ¼ 0:3 and hR ¼ 130. Red, Wang and Liew (2003) solution; blue, charge free solution;
green, electroded short circuited solution. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the
web version of this paper.)
Fig. 18. Percentage diﬀerence between electrically shorted, or charge free, solution and that of Wang and Liew (2003), with n = 1, h1h ¼ 0:3,
h
R ¼ 130. Black, ﬁrst wave mode; green, second wave mode; yellow, third wave mode; red, fourth wave mode; blue, ﬁfth wave mode. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
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In this paper the inﬂuence of the variations of the electrical ﬁeld through the thickness direction on the wave
phase velocity of a Reissner–Mindlin piezoelectric coupled cylindrical shell are studied. The results are com-
pared with those of Wang and Liew (2003) in which this eﬀect is not considered. Two kinds of boundary con-
ditions are considered: electrodes short circuited and shell faces in contact with a medium with low
permittivity. The results show that there is an appreciable inﬂuence of the variability of the electric ﬁeld mainly
in the charge free solution and for longitudinal modes. Moreover in this paper the components of the strain
tensor have been considered without neglecting the contribute of x3/R with respect to 1. This contribute can be
also of about 30% in some cases.
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Appendix A
Let E be the Euclidian ambient space, the reference shape of the shell is given by the position vector of its
points (Fig. A.1):zðpÞ ¼ pþ x3n ðA:1Þ
Fig. A.1. Cylinder reference conﬁguration.
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i base vectors are deﬁned by:6 Thgi ¼
oz
oxi
gi ¼ ox
i
oz
ðA:2Þand the Christoﬀel symbolsCi
j
k ¼ gi;k  gj ðA:3ÞIf k1,k2 are the principal curvatures of the middle surface the expressions (A.2) can be written in the form:gi ¼ ð1 x3kiÞei gi ¼ ð1 x3kiÞ1ei ðA:4Þ
where:ei ¼ opoxi e
i ¼ ox
i
op
ðA:5ÞFor cylindrical shell (Fig. A.1):p ¼ x1i1 þ Rðsin hi2 þ cos hi3Þ n ¼ sin hi2 þ cos hi3 ðA:6Þ
andk1 ¼ 0 k2 ¼ 1R ðA:7Þ
so that:e1 ¼ p;x1 ¼ i1 e2 ¼ p;x2 ¼ Rðcos hi2  sin hi3Þ e3 ¼ n
e1 ¼ x1;p ¼ i1 e2 ¼ x2;p ¼ 1
R2
e2 e
3 ¼ n
g1 ¼ e1 g2 ¼ 1þ
x3
R
 
e2 g3 ¼ n
g1 ¼ e1 g2 ¼ 1ð1þ x3RÞ
e2 g3 ¼ n
C3
2
2 ¼ C223 ¼
1
Rð1þ x3RÞ
C2
3
2 ¼ R 1þ
x3
R
 
ðA:8Þand the others Christoﬀel symbols are zero. The Weingarten tensor is deﬁned by6L ¼ rn ¼ n;a  ea a ¼ 1; 2: ðA:9Þ
and, in cylindrical coordinates, all the components are zero except L22 with:L22 ¼ R ðA:10Þe dyadic product of two vectors a and b is deﬁned by: (a  b)c: = (b Æ c)a.
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The strain tensor E and the expressions of the forces and moments resultant, per unit length of middle sur-
face, are obtained by substitution of the previous in the ((2)–(11))7:87 It iE<11> ¼ v0<1>;1 þ x3v1<1>;1
E<12> ¼ E<21> ¼ 12 1R 1þx3Rð Þ v0<1>;2 þ x3v1<1>;2ð Þ þ v0<2>;1 þ x3v1<2>;1

 
E<22> ¼ 1R 1þx3Rð Þ v0<2>;2 þ x3v1<2>;2 þ wð Þ
E<13> ¼ E<31> ¼ 12 v1<1> þ w;1ð Þ
E<23> ¼ E<32> ¼ 12 v1<2> þ 1R 1þx3Rð Þw;2

 
 1
2R 1þx3Rð Þ v0<2> þ x3v1<2>ð Þ
>>>>>><>>>>>:
ðB:1Þ
A1 ¼ Eh
1 m2 þ c
p
33h1 þ cp33h1
hþ h1
2R
 
; A2 ¼ EhmRð1 m2Þ þ
cp13h1
R
;
A3 ¼ h1c
p
33
2
ðhþ h1Þ þ h1c
p
33
2R
h2
2
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1
3
 
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3
12Rð1 m2Þ
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p
13
2
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R h
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2
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ln
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2R
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 !
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h
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2R
  
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 ! !
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2þh1
h
2
f ðx3Þdx3
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2ð1þ mÞ þ c
p
44h1 C2 ¼
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2
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R
Z h
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2
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3
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ðB:2Þs possible to get the relationship of Wang and Liew (2003) neglecting in (B.1) the contribute of x3R with respect to 1.
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